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Fano manifolds of coindex three admitting nef tangent
bundle
Kiwamu Watanabe
Abstract. We prove that any Fano manifold of coindex three admitting nef
tangent bundle is homogeneous.
1. Introduction
By Mori’s solution of the Hartshorne conjecture [28], the only projective man-
ifold with ample tangent bundle is the projective space. An analytic counterpart
of the Hartshorne conjecture is the Frankel conjecture: the only compact Ka¨lher
manifold with positive holomorphic bisectional curvature is the projective space,
which can be obtained as a corollary of the Hartshorne conjecture. An analytic
proof of the Frankel conjecture was obtained by Y. T. Siu and S. T. Yau [39]. Fol-
lowing these works, N. Mok classified compact Ka¨hler manifold with nonnegative
holomorphic bisectional curvature [24]. Based on Mok’s result, F. Campana and T.
Peternell [1] conjectured that any compact Ka¨hler manifold with nef tangent bun-
dle admits a finite e´tale cover X˜ → X such that the Albanese map X˜ → Alb(X˜) is
a fiber bundle whose fibers are rational homogeneous manifolds. By the work of J.
P. Demailly, Peternell and M. Schneider [3], the conjecture can be reduced to the
Fano case:
Conjecture 1.1 (Campana-Peternell Conjecture). Any complex Fano mani-
fold with nef tangent bundle is homogeneous.
This conjecture is called the Campana-Peternell conjecture. The conjecture was
proved in dimension at most three by Campana and Peternell [1], in dimension four
by Campana and Peternell [2], Mok [25] and J. M. Hwang [12], and in dimension
five by the author [41] and A. Kanemitsu [14]. It is also known that the conjecture
holds for complete intersections of hypersurfaces by R. Pandharipande [35] and
horospherical varieties by Q. Li [22]. However the conjecture is widely open in
general. For the recent development of the topic, we refer the reader to [30].
For a Fano manifold X , the index iX of X is the maximal integer dividing
the anticanonical divisor −KX in Pic(X), while the coindex of X is defined as
dimX+1−iX. According to the classification of Fano manifolds with small coindex
[15, 6, 7], it is easy to check that the Campana-Peternell conjecture is true for Fano
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manifolds of coindex at most two (see for instance [15] and [40, Corollary 5.7]).
The purpose of this paper is to study the conjecture for Fano manifolds of coindex
three:
Theorem 1.2. Let X be a Fano manifold of coindex three. If X has a nef
tangent bundle, then X is isomorphic to one of the following:
(1) the 10-dimensional spinor variety S4;
(2) the 8-dimensional Grassmannian G(2, 6);
(3) the 7-dimensional symplectic Grassmannian SG(2, 5);
(4) the 6-dimensional symplectic Grassmannian SG(3, 6);
(5) P3 × P3;
(6) P2 ×Q3; or
(7) P(TP3).
In particular, X is homogeneous.
This paper is organized as follows. In Section 2, we review the classification of
Fano manifolds of coindex three and narrow down the possibilities of Fano manifolds
of coindex three admitting nef tangent bundle. Consequently, we shall see that it is
enough to consider the two cases. The first case is the case when the fundamental
linear system |− 1n−2KX | determines a morphism which is not an embedding. In this
case, since X can be described as a weighted complete intersection, we can compute
the degree of the top Chern class of X . By using the description, we conclude that
the tangent bundle of X is not nef via intersection theory of higher-codimensional
cycles. This shall be done in Section 3. The second case is the case when X is
a smooth linear section of the 10-dimensional spinor variety S4 ⊂ P
15. Applying
previous results, it is sufficient to study the cases dimX = 8 and dimX = 7. When
dimX = 8, we prove the existence of a line whose normal bundle in X is not nef.
When dimX = 7, we prove the non-nefness of the tangent bundle via the theory
of varieties of minimal rational tangents. These shall be done in Section 4.
1.1. Notation and Conventions. Throughout this paper, we work over the
complex number field C. We will use the basic notation and definitions in [9].
• A smooth projective variety is called a projective manifold.
• A k-dimensional linear subspace of Pn is called a k-plane.
• For a projective manifold X , we denote the Picard number of X by ρX .
• For a projective manifold F , an F -bundle means a smooth morphism
f : Y → X between projective manifolds whose fibers are isomorphic to
F .
• For a vector bundle E , E∗ denotes its dual vector bundle.
• For a vector bundle E , P(E) denotes its projectivization Proj(Sym E).
• Qn denotes a smooth quadric hypersurface in Pn+1.
• G(k, n) denotes the Grassmannian parametrizing k-dimensional linear sub-
spaces in Cn.
• SG(k, 2n) denotes the symplectic Grassmannian parametrizing isotropic
k-dimensional linear subspaces in C2n with respect to a fixed symplectic
form on C2n.
• OG(k, n) denotes the orthogonal Grassmannian parametrizing isotropic k-
dimensional linear subspaces in Cn with respect to a fixed nondegenerate
symmetric bilinear form on Cn.
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• S4 ⊂ P
15 denotes the 10-dimensional spinor variety, which is a connected
component of the orthogonal Grassmannian OG(5, 10). The embedding
S4 ⊂ P
15 is given by a half-spinor representation.
• S denotes the spinor bundle on Q2k+1. S ′ and S ′′ denote the spinor bun-
dles on Q2k. For the definition of spinor bundles, see [33, Definition 1.3].
• V5 denotes a 3-dimensional smooth linear section of G(2, 5) ⊂ P
9 in the
Plu¨cker embedding. By [7, Theorem 7.6], all smooth linear sections of
G(2, 5) ⊂ P9 are projectively equivalent.
2. Preliminaries
In this section, firstly we review the classification of Fano manifolds of coindex
three. By using the classification, secondly we narrow down the possibilities of Fano
manifolds of coindex three admitting nef tangent bundle.
A Fano manifold means a smooth projective variety with ample anticanonical
divisor−KX . LetX be an n-dimensional Fano manifoldX of coindex 3 and ρX = 1.
For an ample generator H of Pic(X), the self-intersection number Hn is called the
degree of X and the integer g = g(X) :=
Hn
2
+ 1 is called the genus of X . Let us
recall the classification of Fano manifolds of coindex 3 due to S. Mukai:
Theorem 2.1 ([29, 23], cf. [38, Chapter 5]). Let X be a Fano manifold of
coindex three. If n := dimX ≥ 6, then X is isomorphic to P3 × P3 or we have
ρX = 1. If ρX = 1, then the genus g of X satisfies with 2 ≤ g ≤ 9. Furthermore X
can be described as follows:
(1) If g = 2, then X is a weighted hypersurface of degree 6 in the weighted
projective space P(3, 1, . . . , 1). In this case, X is a double cover ϕ : X →
P
n branched along a sextic.
(2) If g = 3, then X is one of the following:
(a) X is a weighted complete intersection of type (4, 2) in the weighted
projective space P(2, 1, . . . , 1). In this case, X is a double cover ϕ :
X → Qn ⊂ Pn+1 branched along the intersection of Q with a quartic
hypersurface.
(b) X ⊂ Pn+1 is a quartic hypersurface.
(3) If g = 4, then X ⊂ Pn+2 is a complete intersection of type (2, 3).
(4) If g = 5, then X ⊂ Pn+3 is a complete intersection of type (2, 2, 2).
(5) If g ≥ 6, then X is a linear section of a variety
Σ
n(g)
2g−2 ⊂ P
g+n(g)−2
of dimension n(g) and degree 2g − 2, which is one of the following:
(g = 6) Σ610 ⊂ P
10 is a quadric section of the cone over the Grassmannian
G(2, 5) ⊂ P9 in the Plu¨cker embedding;
(g = 7) Σ1012 = S4 ⊂ P
15 is the 10-dimensional spinor variety in the embedding
induced by the half-spinor representation;
(g = 8) Σ814 = G(2, 6) ⊂ P
14 is the Grassmannian G(2, 6) in the Plu¨cker
embedding;
(g = 9) Σ616 = SG(3, 6) ⊂ P
13 is the symplectic Grassmannian SG(3, 6) in
the Plu¨cker embedding.
By using the above classification, let us start to study when Fano manifolds of
coindex three admit nef tangent bundle. Firstly we define:
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Definition 2.2 ([30, Definition 1.4]). A Fano manifold X with nef tangent
bundle is called a CP manifold.
Theorem 2.3 ([1, 2, 12, 14, 25, 41, 35]). The Campana-Peternell conjecture
1.1 holds for CP manifolds of dimension at most five and complete intersections of
hypersurfaces in a projective space.
Recall that, for a Fano manifold X , the pseudoindex ιX of X is the minimal
anticanonical degree of rational curves on X . Thanks to results of Kanemitsu
[13, 14], we can obtain the following theorem. All of the ideas of the proof are
contained in [13, 14], but this result is not specified in these papers. For the
reader’s convenience, we present a proof.
Theorem 2.4. Let X be a CP 6-fold of ρX = 1 and ιX = 4. Then X is
homogeneous.
Proof. Applying [14, Proposition 4.1, Theorem 3.3], any CP 6-fold of ρX = 1
and ιX = 4 satisfies one of the following;
(1) X is isomorphic to the symplectic Grassmannian SG(3, 6) or
(2) X admits the following commutative diagram
U
f
//
π

W
q

g
// X
V
p
// Y
with the properties:
(a) f, g and π are P1-bundles, and
(b) p and q are smooth contractions of an extremal ray.
Since the symplectic Grassmannian SG(3, 6) is homogeneous, we only need to con-
sider the second case. In this case, for any point y ∈ Y , let us denote by Vy ,Wy and
Uy, respectively, the fibers of y by p, q and p◦π = q ◦ f . Since ρX = 1 and any con-
traction of an extremal ray as in the above diagram is a smooth morphism, we have
ρVy = 1, ρWy = 1 and ρUy = 2. This means that Uy is a Fano manifold with two
different P1-bundle structures. By [30, Theorem A.1], Uy is isomorphic to G/B,
where G is a simple linear algebraic group of rank 2 and B is its Borel subgroup.
It turns out that Wy is G/P for some parabolic subgroup P of G. By the rigidity
results on rational homogeneous manifolds [27, Theorem 3.3.2], q : W → Y is a
G/P -bundle. Then, applying [13, Theorem 0.2] to W , we see that W is homoge-
neous or it is isomorphic to the projectivized Ottaviani bundle P(Go) in the sense of
Kanemitsu [13, Definition 2.1] (see Definition 4.2 below). If W is the projectivized
Ottaviani bundle P(Go), then X is Q
5. This is a contradiction, because we assume
ιX = 4 but ιQ5 = 5. So we may assume W is homogeneous. Since the target of
any contraction of any rational homogeneous manifold is again homogeneous, our
assertion holds.
Corollary 2.5. Let X be a CP 6-fold of coindex three. Then X is homoge-
neous.
Proof. By Theorem 2.1, X is isomorphic to P3×P3 or ρX = 1. Since P
3×P3 is
homogeneous, we may assume ρX = 1. In this case, it follows from the classification
Theorem 2.1 that X admits a rational curve C on X such that −KX ·C = 4. Hence
the pseudoindex ιX is equal to 4. Then our claim follows from Theorem 2.4.
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Proposition 2.6 (The case g = 8). Let X be a smooth linear section of the
Grassmannian G(2, 6) ⊂ P14 in the Plu¨cker embedding. If the tangent bundle of
X is nef, then X is isomorphic to the Grassmannian G(2, 6) or the symplectic
Grassmannian SG(2, 6).
Proof. According to Theorem 2.3 and Corollary 2.5, we may assume X is the
Grassmannian G(2, 6) or its smooth hyperplane section. Since any smooth hyper-
plane section of the Grassmannian G(2, 6) ⊂ P14 is the symplectic Grassmannian
SG(2, 6) (see for instance [37, Theorem 1.1 (1)]), our assertion holds.
Remark 2.7. Combining Theorem 2.3, Corollary 2.5 and Proposition 2.6 with
Theorem 2.1, to prove Theorem 1.2 it is enough to study the following two cases of
ρX = 1:
(i) the fundamental linear system | − 1n−2KX | determines a morphism which
is not an embedding (X is one of the varieties as in (1) and (2)-(a) of
Theorem 2.1);
(ii) g = 7 and 7 ≤ dimX ≤ 9.
We shall deal with the case (i) in Section 3 and the case (ii) in Section 4.
3. The cases where g = 2 and 3
We study the cases (1) and (2)-(a) of Theorem 2.1 in a similar way to [40,
Section 4]. The following results were obtained during my joint work with T.
Suzuki [40]. We begin with a quick review of some intersection theory of cycles.
For the intersection theory, we refer the reader to [8]. Let X be a projective
manifold of dimension n. A k-cycle on X means a finite formal linear combina-
tion
∑
ai[Zi] where Zi are k-dimensional closed subvarieties of X and ai are real
numbers. The cycle
∑
ai[Zi] is said to be nef if it has non-negative intersection
numbers with all k-dimensional closed subvarieties. We denote by Ak(X) the group
of k-cycles with real coefficients modulo rational equivalence on X . Then we have
the degree homomorphism deg : A0(X) → R (see [8, Definition 1.4]). Let E be
a vector bundle of rank r on X . For each k = 0, 1, . . . , r, the k-th Chern class
ck(E) ∈ Ak(X) is defined by the relations
r∑
k=0
(−1)kπ∗ck(E)ξ
r−k = 0 and c0(E) = 1,
where ξ is the divisor associated to the tautological line bundle OP(E)(1) and π :
P(E)→ X is the natural projection. We define the Chern class cr(X) of X as the
Chern class cr(TX).
For a projective manifold X , the diagonal ∆X ⊂ X ×X is said to be nef if ∆X
is nef as a cycle on X ×X . Remark that ∆X is nef, provided that TX is nef. Thus,
to prove TX is not nef for a given manifold X , it is sufficient to prove ∆X is not
nef. We review the following two results:
Proposition 3.1 ([8, Proposition 8.1.12]). For a projective manifold X, let
∆X := {(x, x) | x ∈ X} ⊂ X ×X be the diagonal of X. Then
deg∆2X = deg cn(X).
Proposition 3.2 ([21, Proposition 4.4]). Let X be a projective manifold of
dimension n admitting a surjective generically finite morphism f : X → Y of
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degree d to a projective manifold Y . Suppose that deg cn(X) > d deg cn(Y ). Then
∆X is not nef.
By using the above results, we shall prove that the varieties as in (1) and
(2)-(a) of Theorem 2.1 have non-nef tangent bundle. To prove it, we set up
notation on weighted complete intersections. For a vector of positive integers
a = (a0, a1, . . . , am), let us denote by P(a) the weighted projective space of type
a. Let X ⊂ P(a) be an n-dimensional smooth weighted hypersurface of degree
d. Assume that X is contained in the smooth locus of P(a) and m ≥ 4. By
[17, Theorem 5.32], OX(1) generates Pic(X): Pic(X) = Z[OX(1)]. We denote by
h ∈ An−1(X) the class corresponding to OX(1).
Proposition 3.3 ([40, Proposition 4.4]). Let X ⊂ P(a) be a smooth weighted
hypersurface of degree d. Assume that X is contained in the smooth locus of P(a)
and m ≥ 4. Then the degree of the top Chern class is given by
deg cm−1(X) =
{n−1∑
i=0
em−1−i(a0, . . . , am)(−d)
i
}
hm−1.
Proposition 3.4. Let X be a weighted hypersurface of degree 6 in the weighted
projective space P(3, 1, . . . , 1). Then ∆X is not nef. In particular, the tangent
bundle of X is not nef.
Proof. Applying [5, Proposition 7], the singular locus Psing of P(3, 1, . . . , 1)
consists of one point {(1 : 0 : . . . : 0)}. Since dimX ≥ 3, we have
codimX(X ∩ Psing) ≥ 3.
Hence X is in general position relative to Psing in the sense of A. Dimca [4, Defini-
tion 1]. Then [4, Proposition 8] tells us that the singular locus of X coincides with
X ∩ Psing. Since X is smooth by definition, X is contained in the smooth locus of
P(3, 1, . . . , 1).
Moreover, X is a double cover branched along a sextic in Pn. Applying Propo-
sition 3.3, we obtain
deg cn(X) = 2
n∑
i=0
en−i(3, 1
n+1)(−6)i.
Remark that
ek(3, 1
n+1) = 3ek−1(1
n+1) + ek(1
n+1) = 3
(
n+ 1
k − 1
)
+
(
n+ 1
k
)
.
Thus we have
deg cn(X) = 2
n∑
i=0
{
3
(
n+ 1
i+ 2
)
+
(
n+ 1
i+ 1
)}
(−6)i
=
1
6
n−1∑
i=0
(
n+ 1
i+ 2
)
(−6)i+2 −
1
3
n∑
i=0
(
n+ 1
i+ 1
)
(−6)i+1
=
1
6
{
(−5)n+1 + 6(n+ 1)− 1
}
−
1
3
{
(−5)n+1 − 1
}
=
1
6
{
6n+ 7− (−5)n+1
}
.
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If n is odd, then deg cn(X) is negative. Thus ∆X is not nef. If n is even, then it is
straightforward to show the following:
1
6
{
6n+ 7− (−5)n+1
}
> 2(n+ 1) if n is even.
Hence it follows from Proposition 3.2 that ∆X is not nef.
Proposition 3.5. Let X be a weighted complete intersection of type (4, 2) in
the weighted projective space P(2, 1, . . . , 1). Then ∆X is not nef. In particular, the
tangent bundle of X is not nef.
Proof. By the same way as in Proposition 3.3, we obtain
deg cn(X) =
(−3)n+2 + 4n+ 7
4
.
From this description, we see that deg cn(X) is negative if n is odd. Thus Propo-
sition 3.1 tells us that ∆X is not nef. On the other hand, if n is even, we have
deg cn(X) > 4(n+ 1). By Proposition 3.2, ∆X is not nef.
4. The cases where g = 7
4.1. Ottaviani bundle. Let us first describe some known results on spinor
varieties and Ottaviani bundles without proof. All materials here are in [33]. We
start by considering 2k-dimensional smooth quadricQ2k ⊂ P2k+1. The linear spaces
of maximal dimension of Q2k have dimension k. The Fano scheme of k-planes on
Q2k consists of two irreducible families, each of which is a rational homogeneous
variety of dimension
k(k + 1)
2
, called the spinor variety Sk of Q
2k. One often finds
the literature that Sk is denoted by Sk+1. In this paper, we employ the notation
as in [33]. We have
• Pic(Sk) ∼= Z;
• the ample generator OSk(1) of Pic(Sk) is very ample; and
• H0(Sk,OSk(1))
∼= C2
k
.
Let Q2k+2 ⊂ P2k+3 be a smooth quadric and H a non-tangent hyperplane. Then
Q2k+1 = Q2k+2∩H is a smooth hyperplane section of Q2k+2. Consider the natural
morphism
{Pk+1 | Pk+1 ⊂ Q2k+2} → {Pk | Pk ⊂ Q2k+1};Pk+1 7→ Pk+1 ∩H.
If we restrict this morphism to each component Sk+1 of {P
k+1 | Pk+1 ⊂ Q2k+2},
we have an isomorphism
Sk+1 ∼= {P
k | Pk ⊂ Q2k+1}.
Under this isomorphism, let us consider the following incidence correspondence:
(1)
F := {(x,Pk) | x ∈ Pk ⊂ Q2k+1}
q
))❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
p
uu❦❦❦
❦❦❦
❦❦❦
❦❦❦
❦❦❦
❦❦
Q2k+1 Sk+1
For x ∈ Q2k+1, consider an inclusion
ix : (Sk)x := {P
k | x ∈ Pk ⊂ Q2k+1} →֒ {Pk | Pk ⊂ Q2k+1} ∼= Sk+1.
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Remark that (Sk)x ∼= Sk. By [33, Corollary 1.2 (i)], we have
• an isomorphism i∗xOSk+1(1)
∼= O(Sk)x(1) and
• an injection H0((Sk)x,O(1))
∗ →֒ H0(Sk+1,O(1))
∗.
Then we have an embedding τ : Q2k+1 →֒ G(2k, 2k+1). By definition, the spinor
bundle S on Q2k+1 is τ∗U , where U is the universal bundle of G(2k, 2k+1). Then
we see that the vector bundle p∗q
∗OSk+1(1) is the dual of the spinor bundle S
∗ on
Q2k+1, and p : F → Q2k+1 is given by the bundle projection F = PQ2k+1(S
∗) →
Q2k+1. In particular, when k = 2, we see that S3 ∼= Q
6 by triality. Thus the above
diagram (1) can be written as follows:
(2)
F = PQ5(S
∗)
q
''◆
◆◆
◆◆
◆◆
◆◆
◆
p
yyss
ss
ss
ss
ss
Q5 S3 ∼= Q
6
For any integer 0 ≤ i ≤ 5, the Chow group Ai(Q
5)Z with integral coefficients
is isomorphic to Z. We fix the positive generator Zi of Ai(Q
5)Z. Then, for sim-
plicity, Z ∈ Ai(Q
5)Z is denoted by αi provided that Z = αiZ ∈ Ai(Q
5)Z. By
[33, Remark 2.9], the Chern classes of S∗ on Q5 is (c1, c2, c3, c4) = (2, 2, 2, 0). In
particular, generic sections of S∗ on Q5 do not vanish anywhere. This tells us that
S∗ contains a trivial subbundle fitting into the following exact sequence of vector
bundles:
0→ OQ5 → S
∗ → G → 0,
where G = S∗/OQ5 is a vector bundle of rank three on Q
5. The bundle G is a stable
vector bundle of rank three on Q5 with Chern classes (c1, c2, c3) = (2, 2, 2). On the
other hand, the converse also holds:
Theorem 4.1 ([33, Section 3]). For a vector bundle G of rank three on Q5, the
following are equivalent:
(1) G is stable and its Chern classes are (c1, c2, c3) = (2, 2, 2);
(2) G fits into the following exact sequence of vector bundles:
0→ OQ5 → S
∗ → G → 0.
Definition 4.2 ([13, Definition 2.1]). A vector bundle G of rank three on Q5
is said to be Ottaviani bundle if the equivalent conditions of Theorem 4.1 hold for
G. In the following, any Ottaviani bundle is denoted by Go.
Proposition 4.3. Under the notation as in the above diagram (2), let Q5 be a
smooth hyperplane section of Q6 ∼= S3. Then the preimage q
−1(Q5)→ Q5 is given
by PQ5(Go)→ Q
5, where Go is an Ottaviani bundle.
Proof. We recall some arguments in the proof of [33, Theorem 3.5]. Since
Q6 ∼= S3 parametrizes 2-planes in Q
5, we have a closed immersion Q6 →֒ G(3, 7).
Then the pullback U∗ of the dual of the universal bundle by the above immersion
Q6 →֒ G(3, 7) coincides with q∗p
∗OQ5(1). Then we have an exact sequence of vector
bundles on Q6:
0→ OQ6 → S
′∗ → U∗ → 0,
where S ′ is a spinor bundle on Q6. By [33, Theorem 1.4], we have S ′∗|Q5 ∼= S.
Restricting this sequence to a hyperplane section Q5 of Q6, we obtain an exact
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sequence:
0→ OQ5 → S
∗ → U∗|Q5 → 0.
From this sequence, U∗|Q5 is nothing but an Ottaviani bundle on Q
5. Since q :
F → Q6 is given by PQ6(U
∗)→ Q6, our assertion holds.
4.2. Linear sections of 10-dimensional spinor variety. LetX be a smooth
linear section of the 10-dimensional spinor variety S4 ⊂ P
15. We shall prove the
only smooth linear section of S4 with nef tangent bundle is S4 itself. To prove it,
we may assume that 7 ≤ dimX ≤ 9 by Remark 2.7. Moreover when dimX = 9,
X is a horospherical variety. This case was done by [22, Proposition 4.6]. Thus we
only need to deal with the cases of dimX = 8 and dimX = 7.
4.2.1. The case of dimX = 8. Let us begin with a review of A. G. Kuznetsov’s
results [18, Section 6]. Throughout this subsection, let X be a smooth linear section
X ⊂ S4 of codimension two.
Definition 4.4 ([18, Definition 6.2]). A smooth linear section X ⊂ S4 of
codimension two is said to be special (resp. non-special), if X contains (resp. does
not contain) a 4-plane.
Proposition 4.5 ([18, Lemma 6.4]). A smooth linear section X ⊂ S4 of codi-
mension two is special if and only if there is a line ℓ ⊂ X such that
Nℓ/X ∼= Oℓ(−2)⊕O
⊕6
ℓ .
By Proposition 4.5, a smooth linear section X ⊂ S4 of codimension two has
non-nef tangent bundle if X is special. So we may assume that X is non-special.
In this case, we have
Proposition 4.6 ([18, Proposition 6.8, Corollary 6.11]). Let X be a smooth
linear section X ⊂ S4 of codimension two. If X is non-special, then we have the
following diagram
E 

/

BlZ(X)

// Q5
Z
  / X
with properties:
(i) Z ∼= Q5 →֒ X is a natural inclusion;
(ii) BlZ(X) is the blow-up of X along Z ∼= Q
5 and E is its exceptional divisor;
Proposition 4.7. Under the assumption of Proposition 4.6, E is isomorphic
to P(Go), where Go is an Ottaviani bundle.
Proof. Let X be a smooth linear section X ⊂ S4 of codimension two. By
[18, Lemma 3.3] and the proof of [18, Proposition 6.8], we may find a smooth
hyperplane section X1 of S4 ⊂ P
15, a smooth quadric Z1 = Q
6 ⊂ X1 and a
hyperplane H ⊂ P15 such that scheme-theoretically X = X1 ∩H and Z = Z1 ∩H .
Let E1 be the exceptional divisor of the blow-up BlZ1(X1) → X1. According to
[18, Corollary 5.11], the natural projection E1 → Z1 is isomorphic to q : F → S3
as in the diagram (2) in Subsection 4.1. Under the identification E1 ∼= F , E is
q−1(Q5). Applying Proposition 4.3, we concludes our assertion.
Proposition 4.8. Let X be a smooth linear section X ⊂ S4 of codimension
two. If X is non-special, then the tangent bundle of X is not nef.
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Proof. By [34, P.98, Table 1], there exists a special line ℓ on Q5 satisfying
G|ℓ ∼= OP1(2)⊕O
⊕2
P1
. Applying Proposition 4.7, we have E = P(N∗Q5/X |ℓ)
∼= P(Gℓ).
This tells us that there exists an integer α such that
N∗Q5/X |ℓ
∼= OP1(2 + α)⊕OP1(α)
⊕2.
Applying the adjunction formula to the triple ℓ ⊂ Q5 ⊂ X , we see that α = −1.
This implies that
NQ5/X |ℓ ∼= OP1(−1)⊕OP1(1)
⊕2.
Since we have a surjection Nℓ/X → NQ5/X |ℓ, we concludes that Nℓ/X is not nef.
4.2.2. The case of dimX = 7. Our goal of this subsection is to prove:
Proposition 4.9. Let X be a smooth linear section X ⊂ S4 of codimension
three. Then the tangent bundle of X is not nef.
We shall prove this by contradiction. Let us begin by setting up our notation:
Notation and Assumptions 4.10. Let X be a smooth linear section X ⊂ S4
of codimension three. Assume that the tangent bundle of X is nef. We denote by
MX the Hilbert scheme of lines on X and UX its universal family. Then we have
the associated universal morphisms p : UX →MX and q : UX → X . For any point
x ∈ X , we denote by MX,x the Hilbert scheme of lines on X passing through x.
Under the above setting 4.10, X ⊂ P12 is a 7-dimensional CP manifold of
ρX = 1. Then we have the following:
Lemma 4.11. Under the setting as in 4.10, the following holds.
(1) For any [ℓ] ∈MX , we have
TX |ℓ ∼= OP1(2)⊕OP1(1)
⊕3 ⊕O⊕3
P1
.
(2) The evaluation morphism q is a smooth morphism and p is a P1-bundle.
(3) There exists a closed embedding τ : UX →֒ P(ΩX) such that τ
∗OP(ΩX )(1)
∼=
ωUX/MX , where OP(ΩX )(1) is the tautological line bundle of P(ΩX) and
ωUX/MX = ΩUX/MX is the relative canonical line bundle of p : UX →
MX , and τ satisfies the following commutative diagram
P(ΩX)

UX
q
//
-

τ
;✇✇✇✇✇✇✇✇
X
(4) MX is a projective manifold.
(5) The evaluation morphism q : UX → X is a V5-bundle, where V5 is a
smooth linear section of G(2, 5) ⊂ P9 of codimension three.
Proof. For any line [ℓ] ∈ M, TX |ℓ and TPN |ℓ ∼= OP1(2)⊕OP1(1)
⊕6 contain Tℓ
and TX |ℓ as subbundles, respectively. Since TX |ℓ is nef by our assumption, we have
TX |ℓ ∼= OP1(2)⊕OP1(1)
⊕p ⊕O⊕6−p
P1
for some integer p. Taking the determinant of both sides, we have −KX · ℓ = p+2.
Since the Fano coindex of X is three, (1) holds. Furthermore, the former part of
(2) follows from [16, Theorem 2.15 and Corollary 3.5.3]. The later part is trivial.
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Since q is smooth, we have an exact sequence
q∗ΩX → ΩUX/MX → 0.
This induces a morphism τ : UX → P(ΩX) over X such that τ
∗OP(ΩX )(1)
∼=
ΩUX/MX . For any x ∈ X , we consider a natural morphism
τx : UX,x := q
−1(x)→ P(ΩX,x)
induced from τ . Since p induces an isomorphism
UX,x ∼=MX,x = {[ℓ] ∈MX |x ∈ ℓ},
τx can be seen as a morphism MX,x → P(ΩX,x), which sends an MX,x-line to
its tangent direction at x. Then we see that τx is a closed embedding (see [11,
Proposition 1.5] and its proof). Therefore so is τ . Hence (3) holds.
To prove (4), it is enough to prove the irreducibility of MX . By [16, II. The-
orem 1.7, Theorem 2.15], MX is an equidimensional disjoint union of projective
manifolds. We denote byMi the irreducible components ofMX and Ui these uni-
versal families. The associated universal morphisms are denoted by pi : Ui →Mi
and qi : Ui → X . For any point o ∈ S4, the Hilbert scheme MS4,o ⊂ P(ΩS4,o)
of lines passing through o is projectively equivalent to G(2, 5) ⊂ P9 by [20, The-
orem 4.3] (see also [30, Section 2.4]). Thus, for any x ∈ X , MX,x ⊂ P(ΩX,x) is
projectively equivalent to V5 ⊂ P
6. This implies that q−1(x) =
⊔
q−1i (x) is isomor-
phic to a 3-dimensional linear section of G(2, 5) ⊂ P9. Since a positive-dimensional
general linear section of an irreducible variety is again irreducible, any linear section
of an irreducible variety is connected. This tells us thatMX consists of a single irre-
ducible component, i.e. MX is irreducible. Finally, since all smooth linear sections
of G(2, 5) ⊂ P9 are projectively equivalent by [7, Theorem 7.6], q−1(x) ⊂ P(ΩX,x)
is projectively equivalent to V3. Thus (5) holds.
Theorem 4.12 ([19, Section 5.1]). Let V5 be a 3-dimensional smooth linear
section of G(2, 5) ⊂ P9. Then the automorphism group of V5 is Aut(Y ) ∼= PGL(2).
Moreover the orbit decomposition of Y is
Y = O3 ⊔O2 ⊔O1
with properties
(1) dimOi = i for any i;
(2) O1 ∼= PGL(2)/B ∼= P
1, where B is a Borel subgroup of PGL(2);
(3) the Hilbert scheme of lines on V5 passing through a point consists of i
points for any 1 ≤ i ≤ 3.
Proof of Proposition 4.9. The main idea of the following proof is similar
to that of [32]. We will freely use the notation appearing in [32].
Let X be as in 4.10. Under the notation 4.10, we see that the evaluation
morphism q : UX → X is a V5-bundle by Lemma 4.11. Then q : UX → X is locally
trivial in the analytic topology. Thus q defines a cocycle
θ ∈ H1(X,Aut(V5)) ∼= H
1(X,PGL(2)).
On the other hand, the cocycle θ ∈ H1(X,PGL(2)) defines a principal PGL(2)-
bundle EPGL(2) over X . Then, for a Borel subgroup B of PGL(2), consider the
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PGL(2)/B-bundle (= P1-bundle) EB := EPGL(2) ×PGL(2) PGL(2)/B → X . We
denote EB by W . Then W satisfies the following commutative diagram
W
!!❇
❇❇
❇❇
❇❇
❇_

UX
q
// X
We claim that p : W → p(W) is a P1-bundle. To prove this, it is enough to prove
that a fiber of p : UX → M is either contained in W or disjoint from it. By
[10, Proposition 3.1] or [26, Proposition 2.2], it suffices to show that the second
fundamental form of V5 at a point on the minimal closed orbit O1 is not isomorphic
to the one at a point on O3 ⊔ O2. Since V5 is a linear section of G(2, 5) ⊂ P
9,
it is defined by quadrics. Thus the base locus of the second fundamental form of
V5 at a point z is exactly the set of lines on V5 through z (see for instance [36,
Corollary 2.3.6]). Thus, applying Theorem 4.12, the the second fundamental form
at z ∈ V5 is different depending on whether z is on W or not. As a consequence,
we see that p : W → p(W) is a P1-bundle. Thus W admits two different P1-
bundle structures. It follows from [32, Appendix A, Theorem A.1] that W is a
complete flag manifold G/B, where G is a semisimple linear algebraic group of
type A1 × A1, A2, B2 or G2 and B is its Borel subgroup. It turns out that X is
isomorphic to P1,P2,P3, Q3, Q5 or K(G2). This is a contradiction.
Remark 4.13. In the above proof, we use the second fundamental form of V5
to prove p : W → p(W) is a P1-bundle. This idea is based on a referee comments
on the paper [31]. The author would like to thank the anonymous referee of the
paper [31] for valuable comments.
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